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SUPERCONFORMAL INDICES AND PARTITION FUNCTIONS
FOR SUPERSYMMETRIC FIELD THEORIES
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Recently there was a substantial progress in understanding of supersymmetric theories (in
particular, their BPS spectrum) in space-times of different dimensions due to the exact
computation of superconformal indices and partition functions using localization method.
Here we discuss a connection of 4d superconformal indices and 3d partition functions
using a particular example of supersymmetric theories with matter in antisymmetric
representation.
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Integrals.
1. Introduction
In a remarkable paper [1] Dolan and Osborn recognized the fact that the supercon-
formal indices (SCIs) of 4d supersymmetric gauge theories [2, 3] are expressed in
terms of Spiridonov’s elliptic hypergeometric integrals (EHI) [4]. This observation
provides currently the most rigorous mathematical confirmation of N = 1 Seiberg
electro-magnetic duality [5] through the equality of dual indices. The interrelation
between SCIs and EHIs was systematically studied [6–8] and there were found many
new N = 1 physical dualities and also conjectured new identities for EHIs. In par-
ticular, it was shown [9] that all ’t Hooft anomaly matching conditions for Seiberg
dual theories can be derived from SL(3,Z)-modular transformation properties of
the kernels of dual indices. The theory of EHIs was applied also to a description of
the S-duality conjecture for N = 2, 4 extended supersymmetric field theories [10].
Several modifications of SCIs have been considered recently such as the inclusion of
charge conjugation [11], indices on lens spaces [12], inclusion of surface operators [13]
or line operators [14, 15].
By definition the SCI counts the BPS states protected by one supersymmetry
which can not be combined to form long multiplets. The SU(2, 2|1) space-time sym-
metry group of N = 1 superconformal algebra consists of Ji, J i, the generators of
∗Corresponding author. E-mail: grigory.vartanov@desy.de
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two SU(2) subgroups forming the Lorentz group, translations Pµ, special conformal
transformations Kµ, µ = 1, 2, 3, 4, the dilatations H and also the U(1)R genera-
tor R. Apart from the bosonic generators there are supercharges Qα, Qα˙ and their
superconformal partners Sα, Sα˙. Distinguishing a pair of supercharges [3], for ex-
ample, Q = Q1 and Q
† = −S1, one has {Q,Q†} = 2H, H = H− 2J3− 3R/2, and
then the superconformal index is defined by the matrix integral
I(p, q, fk) = Tr
(
(−1)FpR/2+J3qR/2−J3e
∑
k fkF
k
e−βH
)
, R = R+ 2J3, (1)
where F is the fermion number operator. Only zero modes of H contribute to the
trace because the commutation relation for the supercharges is preserved by the
operators used in (1). The chemical potentials fk are the group parameters of the
flavor symmetry group with the maximal torus generators F k; p and q are group
parameters for operators R/2± J3 commuting with Q and Q†.
According to the Ro¨melsberger prescription [3] for N = 1 superconformal theo-
ries one can write the full index via a “plethystic” exponential
I(p, q, y) =
∫
Gc
dµ(g) exp
( ∞∑
n=1
1
n ind
(
pn, qn, zn, yn
))
, (2)
where dµ(g) is the Gc-invariant measure and single particle states index
ind(p, q, z, y) =
2pq − p− q
(1 − p)(1− q)χadj(z)
+
∑
j
(pq)Rj/2χRF ,j(y)χRG,j(z)− (pq)1−Rj/2χR¯F ,j(y)χR¯G,j(z)
(1 − p)(1− q) ,
where the first term represents contributions of the gauge superfields lying in the
adjoint representation of the gauge group Gc. The sum over j corresponds to the
contribution of chiral matter superfields ϕj transforming as the gauge group repre-
sentations RG,j and flavor symmetry group representations RF,j with Rj being the
field R-charges. The functions χadj(z), χRF ,j(y) and χRG,j(z) are the corresponding
characters.
Let us consider the initial Seiberg duality [5] for SQCD. Namely, we take a
4d N = 1 SYM theory with Gc = SU(Nc) gauge group and Nf flavors with
SU(Nf )l × SU(Nf )r ×U(1)B flavor symmetry group. The original (electric) theory
hasNf left andNf right quarksQ and Q˜ lying in fundamental and anti-fundamental
representation of the gauge group SU(Nc) and having +1 and −1 baryonic charges,
R = (Nf −Nc)/Nf is their R-chargea. The field content of the described theory is
summarized in the following table, where we have defined N˜c = Nf −Nc:
SU(Nc) SU(Nf )l SU(Nf )r U(1)B U(1)R
Q f f 1 1 N˜c/Nf
Q˜ f 1 f −1 N˜c/Nf
V adj 1 1 0 1
aThis is the R-charge for the scalar component, the R-charge of the fermion component is R− 1.
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The corresponding SCI is given by the following elliptic hypergeometric integral
[1]
IE = κNc
∫
TNc−1
∏Nf
i=1
∏Nc
j=1 Γ(sizj, t
−1
i z
−1
j ; p, q)∏
1≤i<j≤Nc Γ(ziz
−1
j , z
−1
i zj ; p, q)
Nc−1∏
j=1
dzj
2piizj
, (3)
where
∏Nc
j=1 zj = 1. The balancing condition reads ST
−1 = (pq)Nf−Nc with S =∏Nf
i=1 si, T =
∏Nf
i=1 ti. The physical meaning of this condition is not completely
understood, one of the possible explanations is the independence of the index under
marginal deformations. We introduced the parameters si and ti as
si = (pq)
R/2vxi, ti = (pq)
−R/2vyi, (4)
where xi, yi are chemical potentials for SU(Nf )l and SU(Nf )r groups satisfying the
constraints
∏Nf
i=1 xi =
∏Nf
i=1 yi = 1, v is the chemical potential for U(1)B-group,
and
κNc =
(p; p)Nc−1∞ (q; q)
Nc−1∞
Nc!
, (a; q)∞ =
∞∏
k=0
(1 − aqk).
Here T denotes the unit circle with positive orientation and we use conventions
Γ(a, b; p, q) := Γ(a; p, q)Γ(b; p, q), Γ(az±1; p, q) := Γ(az; p, q)Γ(az−1; p, q), where
Γ(z; p, q) =
∞∏
i,j=0
1− z−1pi+1qj+1
1− zpiqj , |p|, |q| < 1, (5)
is the elliptic gamma function.
The dual (magnetic) theory is described by a 4d N = 1 SYM theory with the
gauge group G˜c = SU(Nf −Nc) sharing the same flavor symmetry [5]. Here one has
dual quarks q and q˜ lying in the fundamental/anti-fundamental representation of G˜c,
which have U(1)B-charges Nc/(Nf−Nc), −Nc/(Nf−Nc) and the R-charge Nc/Nf ,
and additional mesons – singlets of G˜c lying in the fundamental representation
of SU(Nf )l and anti-fundamental representation of SU(Nf )r (M
j
i = QiQ˜
j , i, j =
1, . . . , Nf ). It is convenient to collect again all field data in one table:
SU(N˜c) SU(Nf )l SU(Nf )r U(1)B U(1)R
M 1 f f 0 2N˜c/Nf
q f f 1 Nc/N˜c Nc/Nf
q˜ f 1 f −Nc/N˜c Nc/Nf
V adj 1 1 0 1
These two SQCD-type theories are dual to each other in their infrared fixed points
when the magnetic theory has the tree level superpotential [5], W = M ji q
iq˜j . The
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SCI of the magnetic theory is
IM = κN
N˜c
q
∏
1≤i,j≤Nf
Γ(sit−1j ;p,q)
×
∫
T∗
N˜c−1∏
j=1
dz˜j
2piiz˜j
∏Nf
i=1
∏N˜c
j=1 Γ(S
1/N˜cs−1i z˜j ,T
−1/N˜cti z˜
−1
j ;p,q)∏
1≤i<j≤N˜c Γ(z˜iz˜
−1
j ,z˜
−1
i z˜j ;p,q)
, (6)
where N˜c = Nf −Nc,
∏N˜c
j=1 z˜j = 1 and T
∗ = TN˜c−1.
As discovered by Dolan and Osborn [1], the equality of SCIs IE = IM coincides
with a mathematical identity established for N = 2, Nf = 3, 4 [4] and for arbitrary
parameters [16].
2. The anti-symmetric tensor matter field
Recently the connection of 4d SCIs and 3d PFs was found [17–19] and the simplest
example of SQCD type theory with SP(2N) gauge group was considered. Here
we would like to consider more complicated cases with additional matter content.
We start from the duality for 4d supersymmetric theory with the SP(2N) group
introduced by Intriligator [20]. The matter content of electric and magnetic theories
are given below in tables, respectively:
SP(2N) SU(2Nf ) U(1)R
Q f f 2r = 1−
2(N+K)
(K+1)Nf
X TA 1 2s =
2
K+1
SP(2N˜) SU(2Nf ) U(1)R
q f f 2r˜ = 1−
2(N˜+K)
(K+1)Nf
Y TA 1 2s =
2
K+1
Mj 1 TA 2rj = 2
K+j
K+1
− 4 N˜+K
(K+1)Nf
where j = 1, . . . ,K, and N˜ = K(Nf − 2)−N , K = 1, 2, . . .
Defining U = (pq)s = (pq)
1
K+1 , we find the following indices for these theories [7]
IE =
(p; p)N∞(q; q)
N
∞
2NN !
Γ(U ; p, q)N−1 (7)
×
∫
TN
∏
1≤i<j≤N
Γ(Uz±1i z
±1
j ; p, q)
Γ(z±1i z
±1
j ; p, q)
N∏
j=1
∏2Nf
i=1 Γ(siz
±1
j ; p, q)
Γ(z±2j ; p, q)
N∏
j=1
dzj
2piizj
,
IM =
(p; p)N˜∞(q; q)
N˜
∞
2N˜N˜ !
Γ(U ; p, q)N˜−1
K∏
l=1
∏
1≤i<j≤2Nf
Γ(U l−1sisj ; p, q) (8)
×
∫
TN˜
∏
1≤i<j≤N˜
Γ(Uz±1i z
±1
j ; p, q)
Γ(z±1i z
±1
j ; p, q)
N˜∏
j=1
∏2Nf
i=1 Γ(Us
−1
i z
±1
j ; p, q)
Γ(z±2j ; p, q)
N˜∏
j=1
dzj
2piizj
,
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where the balancing condition reads U2(N+K)
∏2Nf
i=1 si = (pq)
Nf .
Using the asymptotic formula for the elliptic gamma function
Γ(e2piirz; e2piirω1 , e2piirω2) =
r→0
e−pii(2z−(ω1+ω2))/24rω1ω2γ(2)(z;ω1, ω2), (9)
where γ(2)(z) is a hyperbolic gamma function, one can proceed with the reduction
of SCIs for a dual pair presented above. Let us reparameterize the variables in (7)
and (8) in the following way p = e2piivω1 , q = e2piivω2 , si = e
2piivαi , zj = e
2piivuj ,,
i = 1, . . . , 2Nf , j = 1, . . . , N . Then after limit v → 0, which assumes pq → 1, one
getsb
IredE =
1
2NN !
γ(ω1+ω2K+1 )
N−1
∫ i∞
−i∞
∏
1≤i<j≤N
γ(ω1+ω2K+1 ±ui±uj)
γ(±ui±uj)
N∏
j=1
∏2Nf
i=1 γ(αi±uj)
γ(±2uj)
duj
i
√
ω1ω2
,
(10)
IredM =
1
2N˜N˜ !
γ(ω1+ω2K+1 )
N˜−1
K∏
l=1
∏
1≤i<j≤2Nf
γ((l−1)ω1+ω2K+1 +αi+αj) (11)
×
∫ i∞
−i∞
∏
1≤i<j≤N˜
γ(ω1+ω2K+1 ±ui±uj)
γ(±ui±uj)
N˜∏
j=1
∏2Nf
i=1 γ(
ω1+ω2
K+1 −αi±uj)
γ(±2uj)
N˜∏
j=1
duj
i
√
ω1ω2
,
where the balancing condition reads (ω1+ω2)
2(N+K)
(K+1) +
∑2Nf
i=1 αi = Nf (ω1+ω2). Above
and in the rest of the paper, we use the following notation γ(z) ≡ γ(2)(z;ω1,ω2) and
conventions γ(a,b) ≡ γ(a)γ(b), γ(a±u) ≡ γ(a+u)γ(a−u).
2.1. Dualities for SP(2N) gauge group
Let us consider now α2Nf = ξ1 + aS, α2Nf−1 = ξ2− aS and take the limit S →∞,
then IredE and I
red
M become
ZE =
1
2NN !
γ(ω1+ω2K+1 )
N−1
∫ i∞
−i∞
∏
1≤i<j≤N
γ(ω1+ω2K+1 ±ui±uj)
γ(±ui±uj)
N∏
j=1
∏2(Nf−1)
i=1 γ(αi±uj)
γ(±2uj)
duj
i
√
ω1ω2
(12)
ZM =
1
2N˜ N˜ !
γ(ω1+ω2K+1 )
N˜−1
K∏
l=1
γ
(
(ω1+ω2)
(
Nf− 2N+2K−l+1K+1
)
−∑2(Nf−1)i=1 αi
)
(13)
×
K∏
l=1
∏
1≤i<j≤2(Nf−1)
γ
(
(l−1)ω1+ω2K+1 +αi+αj
)
×
∫ i∞
−i∞
∏
1≤i<j≤N˜
γ(ω1+ω2K+1 ±ui±uj)
γ(±ui±uj)
N˜∏
j=1
∏2(Nf−1)
i=1 γ(
ω1+ω2
K+1 −αi±uj)
γ(±2uj)
N˜∏
j=1
duj
i√ω1ω2
.
bOmitting the same divergent coefficients exp
(
−2pii(−1+K−6KN−4N2 )(ω1+ω2)
24vω1ω2(1+K)
)
.
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To obtain these expressions we used the inversion relation γ(z,ω1+ω2−z) = 1 and the
asymptotic formulas
lim
u→∞
e
pii
2 B2,2(u;ω1,ω2)γ(u) = 1, for arg ω1 < arg u < arg ω2 + pi,
lim
u→∞
e−
pii
2 B2,2(u;ω1,ω2)γ(u) = 1, for arg ω1 − pi < arg u < arg ω2, (14)
where B2,2(u;ω) is the second order Bernoulli polynomial,
B2,2(u;ω) =
u2
ω1ω2
− u
ω1
− u
ω2
+
ω1
6ω2
+
ω2
6ω1
+
1
2
. (15)
Note here, that the balancing condition is absent. Expressions (12) and (13) repro-
duces the partition functions of 3d N = 2 supersymemtric field theories [21, 22].
Equality of (12) and (13) gives us the duality for the 3d N = 2 SYM theories with
the matter content presented in the below tables:
SP(2N) SU(2(Nf − 1)) U(1)A U(1)R
Q f f 1 1
X TA 1 0 2/(K + 1)
SP(2(K(Nf − 2) −N)) SU(2(Nf − 1)) U(1)A U(1)R (j = 1, . . . ,K)
q f f −1 3−K
K+1
x TA 1 0
2
K+1
Yj 1 1 −2(Nf − 1) 4Nf −
4N+6K−2j+4
K+1
Mj 1 TA 2 1 + 2
j−1
K+1
One can proceed with the reduction of flavors and take the limit α2Nf−2 → ∞
after which one gets the equality for PFs of the Chern-Simons Theory (CS) theories.
Let us set Nf → Nf − 2, then the electric theory is 3d N = 2 CS (!) theory with
k = 1/2 and the magnetic theory is 3d N = 2 CS theory with k = −1/2.
Now one can proceed further in integrating out the quarks by taking further
limits si →∞. As the result one gets the extension for Kutasov-Schwimmer duality
in three dimensions: the electric theory is 3d N = 2 CS theory with SP(2N) gauge
group and level k (such as Nf + k is even), Nf quarks (which can be also odd [23]),
a chiral superfield X in adjoint representation, and the magnetic theory is 3d N =
2 CS theory with SP(K(Nf + 2(k − 1)) − 2N) gauge group and level −k, Nf
quarks,a chiral superfield in adjoint representation of the gauge group, mesons in
TA representation of SU(Nf ) global symmetry group.
2.2. Dualities for U(N) gauge groups
We now consider different limit for the equality between (10) and (11). Let us
reparameterize the parameters in the following way αi → αi+µ, αi+Nf → αi+Nf −
µ, i = 1, . . . , Nf and take the limit µ → ∞ after which one gets (for K = 1 it
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coincides with the expression by Bult [24])
I
red,U(N)
E =
1
N !
γ(ω1+ω2K+1 )
N−1
∫ i∞
−i∞
N∏
j=1
duj
i
√
ω1ω2
(16)
×
∏
1≤i<j≤N
γ(ω1+ω2K+1 ±(ui−uj))
γ(±(ui−uj))
N∏
j=1
Nf∏
i=1
γ(αi+uj ,αi+Nf−uj)
and
I
red,U(N)
M =
1
N˜ !
γ(ω1+ω2K+1 )
N˜−1
K∏
l=1
Nf∏
i,j=1
γ((l−1)ω1+ω2K+1 +αi+αj+Nf )
∫ i∞
−i∞
N˜∏
j=1
duj
i
√
ω1ω2
×
∏
1≤i<j≤N˜
γ(ω1+ω2K+1 ±(ui−uj))
γ(±(ui−uj))
N˜∏
j=1
Nf∏
i=1
γ(ω1+ω2K+1 −αi−uj ,
ω1+ω2
K+1 −αi+Nf+uj), (17)
where the balancing condition reads (ω1 + ω2)2
N+K
K+1 +
∑Nf
i=1(αi + αi+Nf ) =
Nf (ω1 + ω2). Now considering the following reparametrization
αNf−1 = ξ1 + µ, αNf = ξ3 − ν, α2Nf−1 = ξ2 − µ, α2Nf = ξ4 + ν (18)
with the following limit µ → ∞ and ν → ∞ one can obtain the PFs. Since verify-
ing dualities for U(N) gauge groups is quite similar procedure to which was done
above, we only comment briefly on matter content of these theories. More detailed
explanations can be found in the original papers [17].
The electric theory is 3d N = 2 SYM theory with the matter content presented
in the below table:
U(N) SU(Nf − 2) SU(Nf − 2) U(1)A U(1)R
Q f f 1 1 1/2
Q˜ f 1 f 1 1/2
X adj 1 1 0 2/(K + 1)
The magnetic theory is 3d N = 2 SYM theory with the matter content presented
in the below table:
U(N˜) SU(Nf − 2) SU(Nf − 2) U(1) U(1)A U(1)R
q f f 1 0 −1 3−K
2(K+1)
q˜ f 1 f 0 −1 3−K
2(K+1)
x adj 1 1 0 0 2
K+1
Y
(1,2)
j 1 1 1 ±1 −(Nf − 2) RYj
Mj 1 f f 0 2 1 + 2
j−1
K+1
where N˜ = K(Nf − 2)−N , j = 1, . . . ,K and RYj = (Nf − 2(N − j))/(K +1). For
K = 1 as in four-dimensional case the duality goes to the Aharony duality [25].
The above duality is the duality between two 3d N = 2 SYM (not CS) theories,
namely between 3dN = 2 SYM (electric) theory with U(N) gauge group,Nf quarks
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in fundamental and anti-fundamental representation, a chiral superfield in adjoint
representation and 3d N = 2 SYM magnetic theory with U(KNf −N) gauge group
Nf quarks in fundamental and anti-fundamental representation, a chiral superfield
in adjoint representation, mesons in (f, f) representation of SU(Nf−2)×SU(Nf−2)
global symmetry groups, chiral superfields Y
(1,2)
j , j = 1, . . . ,K. By doing similar
reductions one can end up with the duality for CS theories, which coincide with the
duality suggested by Niarchos [26].
One can obtain CS theories by the following integrating out the matter fields. For
example, integrating out a pair of quarks by taking the limit αNf−3, α2Nf−3 → ∞
one gets the following equality of PFs of the 3d N = 2 CS electric theory with CS
level equals to 1 and the 3d N = 2 CS magnetic theory with CS level equals to −1
which coincides with the results of Kapustin et al [27].
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